Introduction. LetR be a ring with unit element and G a finite group. We denote by RG the group ring of the group G over R and by U(RG) the group of units of this group ring.
Proof. Suppose that G is not Hamiltonian. Then, there exist elements a, b G G such that a~xba is not a power of b. Let n be the order of b and u = (1 -b)a(l +b + . . . + b n~l ). Now, u 7^ 0 and u 2 = 0 so a 0 = 1 + u is a unit in ZG whose inverse is «o -1 = 1 -u. Inductively, we define: Now, since all summands in the right-hand member of (4) have disjoint support, if we prove that all coefficients x s , 0 ^ 5 ^ r -1, cannot vanish simultaneously, it will follow that (1 -b) k~l ^ 0. To see this, let £ be a primitive root of unity of order r. Then Finally, (2) shows that we have found a sequence of commutators that are never 1 so U(ZG) is not nilpotent. This completes the proof.
Every Hamiltonian group G can be written as a direct product G = Ti X T2 X Q where 7\ is an abelian group such that every element in T\ is of odd order, T 2 is an abelian group of exponent 2 and Q a quaternion group of order 8. In what follows a and b will denote two elements of G that are generators of Q, verifying the relations: Proof. Suppose T contains an element g of order 3. Then
is a unit in ZG whose inverse is
Since g commutes with a and aba
Finally if u were a unit of finite order, writing u = ^g^oU 0 g we would have U\ = 0 (see S. D. Berman [2, Lemma 2]) or S. Takahashi [9] ) but formula (5) shows that this is not the case.
Thus we have found a sequence of commutators that is never equal to 1; hence U(ZG) is not nilpotent.
LEMMA 2. Let G = T X Q where T is an abelian group and Q a quaternion group of order 8. If T contains an element of prime order p > 3, then U(ZG) is not nilpotent.
Proof. Suppose that T contains an element g of prime order p > 3. Let H = (g) X (a). The decomposition of QH as direct sum of bilateral ideals is
where the idempotent elements e t such that I t = QH • e u 1 ^ i ^ 6, are:
,
).
Berman has also shown that £ = gae$ £ 7 6 is a primitive root of unity of order 4^> and that identifying 0 = Q<?e C 16 we have 7 6 = Q(£)-He also observed that if 5 stands for the number of residue classes modulo 4£ in 0(f) that are relatively prime with 4p, then: Finally, if we define
] a repetition of the argument above shows that this is a sequence of commutators that are never equal to 1 so U(ZG) is not nilpotent. THEOREM 
Let G be a finite group. Then U(ZG) is nilpotent if and only if G is commutative or a Hamiltonian 2-group.
Proof. If U(ZG) is nilpotent, from Proposition 1, G is either commutative or a Hamiltonian group of the form G = T\ X T 2 X Q. Lemmas 1 and 2 show that T\ must be trivial, hence G is a 2-group.
Now, if G is commutative so is U(ZG), and G. Higman ([4, Theorem 11])
has shown that, for non-abelian groups, U(ZG) -{±1} X G if and only if G is a Hamiltonian 2-group. Thus, the converse follows trivially. THEOREM 
Let G be a non-abelian finite group. Then the following are equivalent:
(
Proof. After the previous results it remains only to prove that if U(ZG) is periodic, then G is a Hamiltonian 2-group.
We first observe that if U(ZG) is periodic and a, /3 £ ZG are elements such that a/3 = 0 then /3a = 0. In fact, if /ta ^ 0, since (13a) 2 = 0 it follows that u = 1 + Pa is a unit in ZG and it is easy to see that u n = 1 + n(3a. Thus u would be a unit of infinite order. Now, the proof of Theorem 10 in Higman [4] can be carried out in this case to show that G must be Hamiltonian.
Finally, write G = 7\ X To X Q as above. If 7\ were not trivial, it would contain an element g of order p ^ 3 and taking H = (g) X (a), it follows from [4, Theorems 3 and 6] that ZH would contain a unit of infinite order.
Units of group rings over p-adic integers.
In this section we shall denote by J p n the ring of integers modulo p n . If p > 0 is a prime number and G is a finite p-group, it follows from I. I. Khripta [5] or C. Polcino [7] that U(J p nG) is nilpotent. Proof. Let a be a unit in J p mG with inverse a~l and let a* be any inverse image of a. We will show that a* is a unit in J p nG.
In fact, if a is any inverse image of a~l we have: Proof. Since Z p = lim {J p n}, it follows as in Raggi [8] that Z P G = lim {J p nG\ and U(Z P G) = jim {U(J p nG)}.
Suppose that U(Z P G) is nilpotent. Then G is also nilpotent and it will suffice to show that every Sylow subgroup of G is abelian. Since we have shown in The nilpotency of U(J P G) implies that all g-Sylow subgroups of G, with q 9 e p, must be abelian (see J. M. Bateman and D. B. Coleman [1] ). Also, the class of nilpotency of all the groups U(J p nG) is bounded above by the class of nilpotency of U(Z P G)\ hence, after Lemma 4, also the />-Sylow subgroup of G must be abelian. The converse is trivial.
